We derive the low energy effective theory of Gauge-Higgs unification (GHU) models in the usual four dimensional framework. We find that the theories are described by only the zero-modes with a particular renormalization condition in which essential informations about GHU models are included. We call this condition "Gauge-Higgs condition" in this letter. In other wards, we can describe the low energy theory as the SM with this condition if GHU is a model as the UV completion of the Standard Model. This approach will be a powerful tool to construct realistic models for GHU and to investigate their low energy phenomena.
I Introduction
The hierarchy problem in the Standard Model (SM) is expected to give the clue to explore the physics beyond the SM. The problem is essentially related to the quadratically divergent corrections to the Higgs mass, which reduce the predictive power of the model. To avoid the divergence, many scenarios have been proposed so far: for example, supersymmetry, TeV scale extra dimension [1] , and so on. Recently the models based on the Gauge-Higgs unification (GHU) scenario [2, 3] attract attentions for solving the problem [3] - [8] . In the scenario, the models are defined in the higher dimensional space-time in which the extra dimensions are compactified on an appropriate orbifold. The Higgs field is then identified as the zero mode of the extra dimensional components of the gauge field. Since the gauge invariance in the higher dimension protects the Higgs potential from ultraviolet (UV) divergences, we can avoid the hierarchy problem.
One important prediction of the models is the Higgs potential (or Higgs mass
and its interactions as physical observables), because almost all interactions are governed by the gauge invariance. While the potential vanishes at tree level due to the invariance, it is produced from radiative corrections induced from the compactification. Therefore, we have to calculate at least 1-loop effective potential for the Higgs field. Though it has been achieved in some simple models such as the toroidal compactification [9] , it is an awkward task in more generic case and/or at higher-loop levels.
This task will be much easier if we can construct the low energy effective theory in the four dimensional view point. In this letter, we show that the construction is possible for GHU models. This fact is supported from the discussion in Ref. [10] , in which it is argued that the effective potential is governed by the infrared (IR) physics.
The effective theories are described by the zero modes in the usual four dimensional framework. Since the Higgs field is merely a scalar field in the effective theories, its potential receives the divergent corrections. Thus we have to renormalize the potential. The main result in this work is that the Higgs potential calculated in the original model is reproduced when we require the particular renormalization condition. The condition is settled at the scale 1/2πR, where R is the radius of the extra dimension. To be more precise, we impose the running coupling constant for the self coupling of the Higgs filed λ becomes zero at that scale, λ(1/2πR) = 0.
We call this condition Gauge-Higgs condition. The condition can be intuitively understood, because the effective theory is matched with the GHU model itself at the compactification scale, in which the interaction must be vanished. It means we can describe the low energy theory as the SM (+ possible vector-like fermions) with the Gauge-Higgs condition if a GHU model is realized as the UV completion of the SM.
The situation for imposing the condition at the cutoff scale is similar to that in the top condensation model, where the model is effectively identified as the SM with the so-called compositeness condition imposed at a cutoff (composite) scale [11] .
Since we are very familiar with the treatment of the usual four dimensional field theory, the low energy effective theory will be a powerful tool to construct realistic models in the GHU scenario and to investigate their low energy phenomena. For example, we can use the effective theory to construct the GHU models that reproduce the Standard Model correctly. Or we can obtain a renormalization group (RG) improved analysis for the Higgs mass, which is difficult to make in the original higher dimensional framework due to the unrenormalizability of the theory.
This letter is organized as follows. In the next section, we briefly introduce the GHU scenario using a simple toy model defined in five dimensions. We calculate the effective potential of the Higgs field in terms of the five dimensional view point in the end of this section. In section III, we construct a low energy effective theory and show that the potential derived in the previous section is reproduced with the use of the Gauge-Higgs condition. After the construction, we discuss some applications to low energy phenomena using the effective theory in section IV. Section V is devoted to summary.
II GHU scenario and Higgs potential
We briefly review the GHU scenario using a toy model in this section. We especially focus on how the doublet Higgs field is produced from the higher dimensional gauge field, and on the mass spectrum of the Kaluza-Klein (KK) particles. Finally, we discuss the Higgs potential at 1-loop level in the toy model, which will be compared with the potential calculated in the framework of the low energy effective theory.
Five dimensional SU(3) model
We use the five dimensional SU(3) model for explaining the GHU scenario and for discussing the Higgs potential. Though the model is regarded as a toy model because it does not yields the correct Weinberg angle, it is sufficient to use the model for our purpose. Application to more realistic models is straightforward.
The model is given by the Yang-Mills model defined on the five dimensional space-time in which the fifth direction, y, is compactified on the orbifold S 1 /Z 2 . The particle contents are the five dimensional gauge field A a (x µ , y) and bulk fermions Ψ(x µ , y), where the subscript a runs from 0 to 3 and 5. Due to the compactification, the action must be invariant under two operations, those are the translation T : y to y + 2πR and the parity P : y to −y. The radius of the circle S 1 is denoted by R.
At first, we discuss the gauge boson sector of this model. Under the operations T and P, the four dimensional component of the gauge field A µ and the fifth one A 5 are set to be transform as
where the operatorT andP are defined byT = diag(1, 1, 1) andP = diag(−1, −1, 1).
By these boundary conditions, the SU(3) gauge symmetry is broken into SU(2)×U (1) symmetry [12] . In terms of SU(2)×U(1), the gauge fields are decomposed as
where the lower subscripts represent the hyper charges of U(1) gauge interaction, and the upper ones are charges for T and P operations. Since only components with (+, +) have zero-modes, we can confirm that the SU(3) symmetry is in fact broken to SU(2)×U(1). Furthermore the zero-modes of A 5 behaves as a doublet scalar so that we can identify these particles as the SM Higgs doublet.
According to the method proposed in Ref. [13] , we can calculate the mass eigenvalues of the KK particles m Gauge , which are used to calculate the Higgs potential.
After some calculations, we obtain
In the above formula, we take the effect of the spontaneous symmetry breaking of the Higgs field into account. The vacuum expectation value (VEV) of A 5 is denoted by a. To be more precise, it is defined by A 5 = aλ 4 /(2gR), where λ 4 is the 4th
Gell-Mann matrix and g is the bulk gauge coupling. The relation between g and four dimensional gauge coupling g 4 is given by g 4 = √ 2πRg and the weak scale VEV v ∼ 246 GeV is written as a = g 4 Rv.
Next we discuss the fermion sector of the model. We consider the case that the bulk fermion is belonging to the fundamental Ψ F or adjoint representation Ψ A .
Under the operation of T and P, these fermions transform as
where ξ, η denote the overall signs which can be + or −, and γ 5 is the chirality operator. Thus we have four kinds of fermions in both fundamental and adjoint representations due to the choice of η and ξ. These representations of SU (3) are decomposed in terms of SU (2)×U (1) as
The dependence of ξ and η mean that once the η and ξ are fixed in the left side of the formula, the charges for T and P operations described by the upper subscript in the right side are determined. The bulk fermions with a positive T charge (periodic condition) have zero-modes, while those with a negative T (anti-periodic condition)
does not have.
As in the case of the gauge fields, we can calculate the mass eigenvalues of KK fermions. The eigenvalues for T-even and T-odd fermions in the cases of fundamental and adjoint representations m Fund + . , m Fund − . , m Adjo + . and m Adjo − . are written as
where the mass terms m F + , m F − , m A + and m A − arising in the right side of above formulas represent the bulk mass terms in each fermion. For the adjoint representation, the spin degree of freedom is four, while it is two for the fundamental representation.
Effective potential
In this subsection, we discuss the effective potential of the Higgs field in the five dimensional SU(3) model. The calculation at 1-loop level is completely performed in Ref. [13] , thus we show only the result here. The important result in the calculation is that the potential does not suffer from a UV divergence due to the higher dimensional gauge invariance and we obtain the finite result without renormalizations. In other words, the finiteness of the potential comes from the existence of KK particles.
Though the calculation of the potential by using only zero-modes leads to a UV divergence, it disappears after summing up all KK modes. It means that the the physical cutoff at loop integrations is naturally provided by the summation. After some calculation, the potential turns out to be
− 2 cos 2πwQ Therefore we can construct models where the quadratic term of the Higgs field is negative and very small compared to the compactification scale due to the cancellation between these contributions. As a result, we obtain a small VEV of the Higgs field without introducing any scalar fields.
The weak scale VEV is expected to be small enough compared to the compactification scale 1/R, thus we expand the potential by the field φ and express it as a power series of the field. This form is used to compare the result from the potential obtained from the low energy effective theory in the next section. We also assume that the bulk masses of fermions are small, otherwise the contributions to the effective potential from these particles are negligible due to the exponential factor in Eq. (7), namely they are decoupled from the effective theory. So we focus on first few terms of φ and m in the expansion. After expansion, the potential in Eq. (7) is written as
where the coefficients F 2 and F 4 are defined as
where ζ R (x) is Riemann's zeta function. In the expansion, we omit the constant terms, namely the contributions to the cosmological constant. In Eqs. coupling is suppressed compared to that from the periodic ones. Thus we can tune the mass parameter by introducing anti-periodic fermions without altering the low energy effective theory. This fact means that we can treat the mass parameter as a free parameter as far as we are interested in only the low energy phenomenology of GHU models.
Next we discuss the self coupling of the Higgs field. There are several contributions to the coupling. Among those, the contributions from the anti-periodic fermions are small compared to other contribution as can be seen in Eq.(10). Thus we neglect these terms in our discussion and focus on the contributions from gauge bosons and periodic fermions. At first, we consider the contribution from the periodic and fundamental fermion without the bulk mass for simplicity. From Eq.(10), the contribution is rewritten in terms of Higgs field (φ = g 4 Rh),
where h is the real neutral component of the doublet scalar H, that is the zero-mode of A 5 and defined by φ = g 4 Rh. At the last equation, we have neglected the term ln(g 2 4 /4), because it is small enough compared to other terms for g 4 ∼ 1. For the effect of this term, refer to the discussion in the end of this section.
The corresponding contribution to the Higgs field is calculated in the framework of the low energy effective theory. The zero-modes of these fermions multiplet consist of a doublet Ψ L and a singlet Ψ R as zero-modes. They have the following Yukawa coupling with H:
Using the Yukawa interactions, we can calculate the contributions to the Higgs po-
eff. (h). As mentioned above, the correction has UV divergences which should be renormalized with an appropriate renormalization condition. Since we can not define a renormalized self coupling around the origin (h = 0) due to the IR divergences, we define the coupling at a non-vanishing renormalization point µ as adopted in the reference [15] ,
With this renormalization condition, the contribution to the Higgs potential from the fundamental fermions is written as
where b = −3/π 2 is the coefficient of the beta function concerning the Yukawa coupling. The running coupling λ(µ) obeys the following renormalization group
By comparing Eq. (11) with Eq. (14), we find the renormalization condition,
This is the "Gauge-Higgs condition" mentioned in Introduction. The other contributions to the Higgs potential from gauge bosons and adjoint fermions are calculated in the same manner, and we achieve the same result that the contributions obtained in the original GHU model can be reproduced by imposing the Gauge-Higgs condition.
We comments on the effects of bulk masses of fermions. Again we use the fundamental fermion with the periodic condition as an example. From Eq. (7), the contribution to the Higgs potential with the bulk mass is written as
where we assume that the vacuum expectation value h and the bulk mass m at the scale smaller than the mass µ ≪ m. As can be seen in the above formula, the coupling does not move due to the mass term in this range. This is the decoupling phenomenon, thus the effect can be taken into account by using the equation,
with the Gauge-Higgs condition λ(1/L) = 0 in stead of that in Eq.(15).
Here we discuss the term ln(Q
, which has been neglected in Eq. (11) . After the symmetry breaking (the Higgs field gets the vacuum expectation value v), the argument of the logarithm in Eq. (17) is written as (Q
The numerator of this formula is nothing but the physical mass of the bulk fermion.
Thus the argument of the logarithm represents the running effect of the quartic coupling λ between the UV cut off scale (1/L) and the IR cut off scale (physical mass). In this meaning, the term ln(Q 2 i g 2 4 ) has an important role for describing the decoupling phenomenon, though its effect is practically negligible compared to other terms. If we consider the effective potential in the low energy effective theory in more detail, for example, considering threshold corrections, the Higgs potential for GHU models may be reproduced more precisely and include the ln(Q 2 i g 2 4 ). We leave this problem as a future work.
The Gauge-Higgs condition is that all GHU models should satisfy. Thus, if we construct a realistic GHU model, its effective theory should be the SM (+ possible association with massive vector-like fermions) with this condition as the boundary condition of RG flow. Once we clarify the feature of the effective theory in the GHU scenario, we are able to analyze the GHU models by using the effective theory. This reduces the necessary efforts greatly. We will show some examples of applications in the next section.
IV Application to phenomenology
The low energy effective theory we have developed will be a powerful tool to construct the realistic model in the GHU scenario and to investigate their low energy phenomena. In this section, we apply the effective theory to a phenomenology.
As mentioned in the previous section, the Gauge-Higgs condition will be imposed in all GHU models. In the construction of the realistic model, we have some troubles in general. For instance, it is difficult to reproduce a realistic top Yukawa coupling in GHU models where all Yukawa couplings is written by the SU(2) gauge coupling at the compactification scale. It would require a somewhat complicated set-up to yields a large top Yukawa coupling [16, 17] . Even if we can construct the realistic model, it may be a hard task to calculate some low energy observables such as a
Higgs potential in an original extra dimensional model.
On the other hand, from the viewpoint of the low energy physics, the effective theory of the realistic models should be described by the SM with the Gauge-Higgs condition. In fact, if we introduce the setups proposed in Refs [16, 17] to explain the large top Yukawa coupling, we can show the condition holds. In addition, even if we consider more complicated extensions, for example models where an additional U(1) gauge symmetry is imposed to reproduce a correct Weinberg angle, the fact that the Higgs potential vanishes at the compactification scale will be unchanged, as far as the Higgs field corresponds to the degree of freedom of the Wilson line. This is because above the scale, the Higgs fields behaves as the Wilson line which has vanishing potential. Note that there is a possibility that the scale to impose the condition is modified slightly due to the details of setups. The scale is , however, much higher than the weak scale, and its correction has little effects on the Higgs mass. It means that we can investigate the low energy phenomena without detailed informations about the models. By using the advantage, we make an RG improved analysis of the Higgs mass in the GHU scenario in the following.
The RG equations for SM interactions at 1-loop level [18] are given by 
where g 4 is the effective bulk gauge coupling, which is assumed to be the same as the SU(2) gauge coupling here. The RG flow including a couple of adjoint fermions with a 1 TeV bulk mass is also shown in Fig.1 . Here, we neglect the modification of the RG equations of the gauge couplings, because the effect is at higher order level and small in the flow of the quartic coupling. This flow shows that the Higgs mass becomes large enough to be able to satisfy the LEP bound.
In this way, we can evaluate the Higgs mass for a given compactification scale, assuming the number and representation of the bulk fermions. Conversely, we can evaluate the compactification scale from a given Higgs mass. Results are shown in Fig.2 . This kind of analysis will be useful when the Higgs mass is measured. In this figure, it is also shown that the Higgs mass really becomes large as the increase of N A + , this fact is also suggested in the viewpoint of the five dimensional effective potential approach [7, 14] .
V Summary and Discussion
We have examined a general feature of low energy effective theories in the GHU scenario. In particular, we focus on the Higgs potential induced from the radiative correction through the compactification. We have shown that the low energy phenomena of GHU models can be described by the effective theory including only the zero-modes of ingredient with the specific renormalization condition, "Gauge-Higgs condition". It is surprising that the essential informations of the GHU scenario are collected into the Gauge-Higgs condition. It means that KK modes merely acts as regulators in the GHU scenario as far as we examine the low energy physics. This consideration may lead to the expectation that the 2-loop corrections also satisfy a similar condition that includes 1-loop threshold corrections. This is an interesting question theoretically, but this issue is beyond the scope of this letter 1 Note that when the Higgs field does not correspond to the Wilson line [23] , there are no reasons that the quartic coupling vanishes. Instead, the running coupling is expected to flow toward the value of tree level in the original higher dimensional model. and remains as a future problem. However, the higher loop corrections are expected to be small unless we take the setup of strongly coupled theory nor a large number of baulk matter fields.
Once we clarify the general feature of effective theories, we can use them to investigate the low energy phenomenologies of GHU models. As an example, we have made an RG improved analysis of the Higgs mass. We have shown that some mechanism for lifting up the Higgs mass is required in the realistic GHU models as far as the compactification scale is less than 10 TeV. One simple way for the lift up is to introduce bulk fermions. In this case, we may observe some massive fermions (and no scalars !!) at future collider experiments, even if no indications of the existence of extra-dimensions can not be observed. Furthermore, we can observe the flow of the running quartic coupling toward zero because of the Gauge-Higgs condition.
